Abstract. The main object of my talk is to explain the relationship between orthogonal polynomials, Toda equations and Painlevé equations. The classical orthogonal polynomials correspond to measures (or weights) which appear in various applications (mathematical physics, engineering, probability theory, etc.) and the recurrence coefficients a n , b n in the three term recurrence relation xp n (x) = a n+1 p n+1 (x) + b n p n (x) + a n p n−1 , can be found explicitly and are simple rational expressions in n. If we modify the classical weights somewhat, then the recurrence coefficients are much more difficult to find. For semi-classical extensions one can still find non-linear recurrence relations for the recurrence coefficients, and we will show that they can often be identified as discrete Painlevé equations. One can also deform the measure µ by multiplying it with an exponential function, to find a one-parameter family of measures µ t satisfying dµ t (x) = e xt dµ(x). The recurrence coefficients a n (t) and b n (t) then satisfy the differential-difference equations of the Toda lattice. Other modifications also give the equations for the Langmuir lattice and the Ablowitz-Ladik lattice. Combining the discrete Painlevé equations with the Toda equations leads to a second order differential equation for the recurrence coefficients which can be identified with one of the six Painlevé equations. The theory of orthogonal polynomials then gives another view on the various relations connecting discrete and continuous Painlevé equations. We illustrate this using various families of orthogonal polynomials.
Darboux-Dressing transformations and the search for rogue waves Sara Lombardo (Northumbria University, Newcastle upon Tyne, UK)
Abstract. The quest for exact solutions of nonlinear partial differential equations (PDEs) which are ubiquitous in the description of physical phenomena is a central theme in mathematical physics. In this talk I will report on the search for rational solutions of nonlinear dispersive equations, focussing on integrable models which describe the resonant interaction of two or more waves in 1+1 dimensions. In particular, I will consider a system of three coupled wave equations, which includes as special cases, the vector Nonlinear Schroedinger equation (or Manakov System) with both self-and cross-focusing/defocusing interaction terms, and the equations describing the resonant interaction of three waves. The Darboux-Dressing transformation is applied under the condition that the solutions have rational, or mixed rational-exponential, dependence on coordinates, leading to an algebraic construction which relies on nilpotent matrices and their Jordan form and it allows for a systematic search of all bounded rational (mixed rational-exponential) solutions. This research, done in collaboration (see references below) in the last two years, shows interesting, novel features of rogue wave solutions, including the role played by modulation instability in the defocussing regime.
Singularities in the spectral representation of integrable PDEs
Beatrice Pelloni (University of Reading)
Abstract. The Riemann-Hilbert formulation of orthogonal polynomials provides a crucial bridge between disparate areas of mathematics, allowing tools developed in the context of integrable systems to be available for the study of orthogonal polynomials and random matrix theory. A Riemann-Hilbert formulations is also at the heart of the Inverse Scattering transform. In this case, the isolated singularities of the data of the RH problem are well know to play a special role, for example they identify the structurally stable components of the solution. Using the unified transform of Fokas, one can give such formulations also for boundary value problems. The class of linear constant-coefficient PDEs is a special example of integrable PDEs, hence boundary value problems for such PDEs admit a Riemann-Hilbert formulation. I will discuss the important role that the singularities of such RH problems play, in particular their importance in elucidating the spectral structure of linear differential operators in one and two variables.
Orthogonal polynomials and integral transforms
Ana Loureiro (University of Kent)
Abstract. In this talk I will explain how operating with certain integral transforms over polynomial sequences is a useful tool to obtain and deduce properties of one sequence based on the other. A special attention will be given to certain d-orthogonal polynomial sequences, which basically are polynomial sequences satisfying a recurrence relation of order d + 1. When d = 1, we recover the orthogonal case. Examples of some known polynomial sequences with a plank of applications will be used to illustrate the usefulness of the technique. Among the targeted sequences, some semiclassical polynomials will arise, whose weights correspond to certain deformation of the classical weights.
